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Starting from the strong-coupling limit of an extended Hubbard model, we develop a spin-fermion
theory to study the insulating phase and pairing symmetry of the superconducting phase in twisted
bilayer graphene. Assuming that the insulating phase is an anti-ferromagnetic insulator, we show
that fluctuations of the anti-ferromagnetic order in the conducting phase can mediate supercon-
ducting pairing. Using a self-consistent mean-field analysis, we find that the pairing wave function
has a chiral d-wave symmetry. Consistent with this observation, we show explicitly the existence
of chiral Majorana edge modes by diagonalizing our proposed Hamiltonian on a finite-sized sys-
tem. These results establish twisted bilayer graphene as a promising platform to realize topological
superconductivity.
Introduction. Correlated insulating phases and uncon-
ventional superconductivity have been recently observed
in twisted bilayer graphene (tBG) near the magic twist
angle θ ≈ 1.1◦ [1–3]. This is currently leading to an
intense surge of interest partly due to the similarity of
its phase diagram and that of high-Tc superconductors.
Since the experimental discovery, the nature of the insu-
lating phase and pairing mechanism in tBG have been
studied by several theoretical proposals, that start from
either a weak or strong coupling limit [4–19]. From the
weak coupling point of view, the interaction is included
perturbatively to the free-electron band structure, calcu-
lated from a continuum model [20, 21]. Because of the the
van-Hove singularity and Fermi surface nesting [5–7, 9],
the system exhibits strong particle-hole fluctuations that
can lead to an insulating phase and superconductivity
upon doping.
On the other hand, the multiple insulating phases ob-
served in the experiment [3] could justify the strong cou-
pling limit as more appropriate for the reference state.
Xu and Balents proposed a SU(4) Hubbard model on a
triangular lattice motivated by the fact that the density
of electrons in tBG peaks at the AA regions [4]. How-
ever, it was later shown that to correctly incorporate the
moire´ symmetries, one needs to include at least two or-
bitals in the underlying tight-binding Hamiltonian [5–12].
More recently, by taking into account the unusual shape
of the Wannier functions, an extended Hubbard model
with a “cluster charge interaction” between the electrons
(discussed below) was proposed [10, 11], where the Mott
insulating phase and reduced Landau level degeneracy at
half-filling are explained by an “inter valley coherence”
(IVC) (where the monolayer valley degree of freedom is
polarized in xy plane), and the chemical potential at the
half-filled moire´ band is shifted to the Dirac point. The
shifting of Fermi level are schematically shown in Fig.
FIG. 1. (a) The underlying moire´ pattern and the emergent
honeycomb lattice. The lobes show the unusual shape of Wan-
nier functions schematically. The three red Wannier functions
share 0, 2 and 1 peaks with the blue Wannier function from
top to bottom. The hopping, antiferromagnetic coupling and
pairing are denoted as t, J and −D, respectively, and the ar-
rows represent the short-range antiferromagnetic order. (b)
The occurrence of intervalley coherence order shifts the Fermi
level from half-filling to the Dirac point. (c) Gap opening at
finite chemical potential. The red line is the non-interacting
spectrum and the blue line is the spectrum with non-zero
AFM and superconducting gap. The SC gap is at Fermi level
(indicated by the dashed line) while AFM gap is at Dirac
point. The k path is along the Γ − K − K′ − Γ line in the
moire´ brillouin zone.
1(b). This loss of monolayer valley quantum number
explains why the experimentally observed Landau level
degeneracy close to half filling is half that at charge neu-
trality. This breaking of valley symmetry (as opposed
to spin symmetry) is supported by Hartree-Fock calcula-
tions [10], and because experiments suggests spin-singlet
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2Mott-like behaviour [1], which would require unpolarized
spins. The IVC state would still be semi-metallic and, to
obtain an insulating phase, further symmetry breaking
must take place to gap the Dirac cone.
Reference [16] explored the possible symmetry-broken
phases using quantum Monte Carlo calculations for
such a cluster charge interaction and, as in monolayer
graphene when the contact interaction dominates over
the long-range Coulomb interaction, the ground state in
the strong coupling limit has anti-ferromagnetic (AFM)
order [22]. Although the AFM insulating phase in this
model has the same origin as in the monolayer, the clus-
ter charge interaction reduces the effective on-site repul-
sion, and this might explain the small gap of the insu-
lating phase observed experimentally. Unlike monolayer
graphene, the Monte Carlo results also found a Kekule´
valence bond solid phase at intermediate coupling, but
this is not germane to our considerations here.
In this Letter, we start from the above-mentioned
strong coupling AFM limit with assumed intervalley co-
herence order. Due to the valley U(1) symmetry break-
ing, there is no topological obstruction to build up a tight
binding model [17]. We show that the low energy physics
is governed by a t− J −D model, H = Ht +HJ +HD,
where
Ht = −t
∑
〈ij〉,α
a†iαbjα + h.c. (1a)
HJ = J
∑
〈ij〉
~Si · ~Sj (1b)
HD = −D
∑
〈〈ij〉〉
h†ijhij (1c)
Here, t is hopping parameter, i, j are sites of the honey-
comb lattice defined by the AB, BA regions in the moire´
lattice, a and b are the electron operators correspond-
ing to two sublattices, α indicates spin, 〈〈ij〉〉 in Eq.
(1c) represents the blue and red pairs in Fig. 1a. D
is the pairing strength, hij = ai↑bj↓ − ai↓bj↑ is the inter-
sublattice singlet operator. J is AFM coupling and ~S
is the spin operator. Note that, unlike in the approach
to cuprates or pnictides [23], in this model the super-
conducting pairing couples not the nearest but remote
neighbors, as schematically shown in Fig. 1(a).
Based on this Hamiltonian, our main conclusion is that
the pairing symmetry in tBG should be chiral d+id (this
is consistent with findings using other models used for
tBG, including Refs.[4, 6, 13, 14, 18, 19]). The advan-
tage of our explicit Hamiltonian is that we can directly
demonstrate that quantum fluctuations of the AFM or-
der mediate an attractive pairing interaction. Moreover,
since we have the form of that pairing in real space, us-
ing a finite size geometry, we can prove the existence of
chiral Majorana modes that should be observable in ex-
periments.
Effective model. To derive Eq. (1), we start from
the following real-space Hamiltonian H = Ht +HU on a
honeycomb lattice [10, 11], where
Ht = −t
∑
<ij>,α
a†iαbjα + h.c. (2a)
HU = U
∑
R
(QR − 2)2 (2b)
Here R marks the position of each hexagon’s center, and
QR =
∑
i∈7∑α niα3 is the charge located at that posi-
tion.
Compared to the onsite Hubbard interaction, there is
repulsive Coulomb interaction between electrons sharing
the the hexagon in this model. This unusual form of
interaction originates from the extended nature of the
Wannier functions in tBG. For the flat bands in tBG, it is
known that the associated electron density peaks form a
triangular lattice [1]. In contrast, symmetry dictates that
the Wannier centers span a honeycomb lattice [8, 10–12].
The system accommodates these constraints by exhibit-
ing Wannier functions with a three-lobed shape [11, 12].
While these are centered at the honeycomb sites, the spa-
tial superposition of the Wannier functions at the corners
of an hexagon creates maxima of the electronic density at
its center. As a result, there is overlap of 3, 2, 1 peak(s)
when considering the interaction between on-site, NN,
next NN (NNN) and third NN electrons. This deter-
mines the interaction strength ratio from onsite to third
NN to be 3:2:1:1. The Wannier functions are schemati-
cally shown in Fig. 1(a).
Since the interaction is larger on-site than among NN,
an anti-ferromagnetic coupling J ∼ t2/U arises to leading
order in perturbation theory [24] (explaining the numer-
ical discovery of the AFM order in the quantum Monte
Carlo [16]). We note in passing that this AFM insulat-
ing phase is also consistent with the experimentally ob-
served quantum oscillation data [1–3] as follows: In the
IVC theory, considering the spin and moire´ valley degree
of freedom, the Fermi surface should be four-fold degen-
erate around half filling, but it is observed only 2-fold
degenerate in experiment. This reduction can be under-
stood as the splitting of Landau levels, as has been dis-
cussed previously [25–28]. This argument also explains
the anomalous FS degeneracy reduction around charge
neutrality, compared to bilayer graphene with a larger
twist angle θ = 1.8◦ [29].
In cuprates and iron pnictides, the AFM coupling is
closely related to superconductivity [23], which can be
understood using the Fierz identity: ~Si · ~Sj = −2h†ijhij +
ninj , where hij is the singlet pairing operator defined
above. But in tBG, one expects the NN pairing to
be strongly suppressed due to the strong repulsion be-
tween electrons in the same hexagon, similarly to how
the on-site pairing is suppressed in cuprates and pnic-
tides. Therefore, to determine the nature and feasibility
3TABLE I. Order parameter form
Pairing symmetry s dx2−y2 dxy dx2−y2 + idxy
form of f(θ) 1 cos(2θ) sin(2θ) ei2θ
of a superconducting ground state, to leading order we
need only consider the pairing between electrons which
not sharing a common hexagon, because only these are
weakly repelled from each other. In our study, we con-
sider the six nearest ones indicated by the red points in
Fig. 1a and we show that such long range pairing can
be mediated by the AFM fluctuations. First we sketch
the basic physics of AFM mediated SC, a more concrete
derivation is shown in supplymentary S1. The coupling
between AFM order parameter mi =
〈Sza〉−〈Szb 〉
2 and the
fermions is:
Hi = λmiσ
z
αβ(a
†
iαaiβ − b†iαbiβ), (3)
where λ is the coupling strength. a and b are the electron
annihilation operators of the two sublattices. The local
magnetization is assumed to be aligned in the z-direction.
Here we assume there is no long range AFM order, only
the fluctuation is important. The inter-sublattice effec-
tive electron-electron interaction can be obtained by in-
tegrating out the spin fluctuations, and reads
Hij = λ
2χi,jσ
z
αβσ
z
γδa
†
iαaiβb
†
jγbjδ, (4)
It arises in an approximation that neglects retardation
effects, where χij is the static spin susceptibility χij ∝
1
g e
−Rij/ξ, with Rij the distance between unit cells i and
j, ξ the magnetic correlation length, and g the spin stiff-
ness (see supplementary information for details). It is
easy to see that Hij is attractive for anti-parallel spins, in
which case α = β = −γ = −δ. The attractive interaction
D ∼ λ2g e−Rij/ξ is significant as long as spin fluctuation
are strong (ξ is large) even though the AFM order it-
self doesn’t develop. This attractive interaction between
anti-parallel spins leads to singlet superconductivity [30],
which will be our focus here since it was furthermore sug-
gested by the experimental results [2].
Moreover, using similar arguments, one finds that
the intra-sublattice interaction between anti-parallel spin
is repulsive. Such a staggered “attractive-repulsive-
attractive” profile is similar to cuprates, where it arises
from Fermi surface nesting [30–32]. This similarity be-
tween pairing mechanism provides some unification be-
tween tBG and cuprates. In this work, for simplicity, we
only consider the nearest pairing possibilities. In the fol-
lowing, we study the ground state of the Hamiltonian in
Eq.(1) consisting of the kinetic energy, anti-ferromagnetic
coupling between NN sites and a singlet pairing term.
Pairing symmetry. Before studying the interplay be-
tween AFM and SC phases, we tackle the SC instability
⇡
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SC gap function
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FIG. 2. Solution of gap equation (6) for different pairing
symmetries. The s-wave order parameter is always very small,
while the latter three pairing symmetries develop finite order
parameter at finite D. The solution for dx2−y2 in and dxy
are exactly degenerate, which is protected by symmetry. The
Dc of d + id is the smallest, indicating it to be the ground
state. The inset shows the magnitude and phase of the s- and
d+ id-wave gap functions along a circle centered at the Dirac
point with radius 0.1/a when real space order parameter ∆
is fixed to be 1. The radius of the ring shows magnitude and
the color shows phase. The outer ring represents d + id and
the inner ring represents s-wave. For clarity, the magnitude
of the s-wave order parameter has been increased by a factor
of five.
first (with J = 0) and fix the pairing symmetry. The
order parameter in real space is defined as ∆ij = D〈hij〉.
The mean field interaction reads
HMFD =
∑
i,a
−∆i,ah†i,i+a −∆∗i,ahi,i+a +
6N
D
|∆|2
∼= −
∑
k
Dkc
†
k↑c
†
−k↓ + h.c.+
6N
D
|∆|2, (5)
where the ∆i,a = ∆i,i+a denotes the pairing between
site i and i + a, with a representing the six vectors
connecting the blue and the red sites. In the second
line, c is the conduction fermion annilation operator,
Dk =
∑
a ∆a cos(k ·a−φk) is the SC gap. In the expres-
sion of Dk, ∆a are the SC order parameters defined on
the six bonds and φk = arg(
∑
δ e
ik·δ), where δ are the
three vectors connecting the NN sites. To get this result,
we have replaced the electron operators in the sublattice
representation by electron operators in the band repre-
sentation and keep only the intra-conduction band pair-
ing term, since it is the most important term at finite
chemical potential where SC is observed experimentally
(The detailed derivation of the mean field Hamiltonian
Eq.(5) is shown in supplementary section S-II).
We consider the four different pairing symmetries in-
dicated in Table. I: s-wave, dx2−y2-wave, dxy-wave and
dx2−y2 + idxy-wave. They are defined by ∆a = ∆f(θa),
with θa the angle between the bonds and the +x-axis, as
shown in Fig. 1a.
4The pairing symmetry in the ground state has
been obtained by a self-consistent mean field analy-
sis. The spectrum of the Bogoliubov-de Gennes (BdG)
Hamiltonian is (See supplementary section S-IV for
more details): Ek = ±
√
(k − µ)2 + |Dk|2 and k =
t
√
3 + 2 cos(
√
3ky) + 4 cos(
√
3ky
2 ) cos(
3kx
2 ) is the energy
dispersion of free electrons in the honeycomb lattice [33].
By minimizing the free energy, we obtain the gap equa-
tion: ∑
k
1
N
|∑a f(θa)|2
Ek
=
12
D
, (6)
where N is the number of unit cells. The solutions of
this gap equation as a function of D for different pair-
ing symmetries are shown in Fig. 2. We choose µ = 0.2
for illustration and use the hopping t as the unit of en-
ergy. For repulsive interaction (D < 0), there is ob-
viously no superconductivity at all. For attractive in-
teractions (D > 0), while the s-wave order parameter
remains zero for D up to 10, a nonzero d-wave order pa-
rameter emerges at a finite critical interaction Dc. The
two different d-wave phases are exactly degenerate, which
is protected by symmetry. The case d + id has both
the smallest Dc and larger order parameter magnitude
at given D. This implies the ground state should be
d+id. In tBG, due to the small bandwidth, t is extremely
small [11] and the attractive interaction strength can ex-
ceed Dc easily. We note that a similar d + id SC phase
is obtained in monolayer graphene [34], if one considers
only NN pairing. Hence, d + id pairing s likely a robust
feature of correlation-driven SC in honeycomb lattices
in the strong coupling limit. But,crucially, whereas in
monolayer graphene the interaction strength is too weak
(Ut ∼ 3.3 [35, 36]) while, in tBG, the flat band drives the
system into strong coupling (Ut ∼ 50 [11]), making it an
ideal platform to realize topological superconductivity.
In order to understand the favouring of d+ id pairing
symmetry, we study the different gap functions in mo-
mentum space with the real-space amplitudes ∆i,a fixed
to be unit and compare the behavior of Dk. Since the re-
duction of free energy is dominated by the gap opening at
the Fermi surface, we plot the SC gap along the circle cen-
tered at the Dirac point with radius 0.1/a, where a is the
lattice constant of the emergent honeycomb lattice. The
cases of s-wave and d+ id are shown in the inset of Fig.
2. The gap due to the former is significantly smaller than
that arising from d-wave pairing, which means d-wave is
more favourable in energy. We notice that the same argu-
ment have also been used to determine the pairing sym-
metry in cuprates and iron pnictides [23]. This provides
another opportunity to unify tBG and high-Tc supercon-
ductors. In addition, we find that while the s-wave order
parameter has a trivial phase (given by the color scale in
the inset of Fig. 2), the d+id case displays a nontrivial
winding phase of 2pi, making it qualitatively similar to
0 2 4 6 8
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FIG. 3. Mean field phase diagram for µ = 0 (blue solid line)
and µ = 0.3 (red dashed line). The system is (semi-)metallic
in the weak coupling region. In the strong J limit, it becomes
AFM ordered and in the strong D limit, it is superconducting.
Arrow 1 shows qualitatively the increase in Jc and decrease
in Dc upon doping, while arrow 2 shows the transition from
AFM state to SC observed experimentally when tuning chem-
ical potential.
the case of p+ ip symmetry in monolayer graphene. [37].
Interplay between AFM and SC. We now reinstate the
AFM interaction (J 6= 0) and probe the relative sta-
bility of the two phases according to the full Hamilto-
nian in Eq. (1). According to the discussion above, we
consider here a d + id superconducting pairing symme-
try. The spectrum of the BdG Hamiltonian is: Ek =
±
√
2k +m
2 + µ2 + |Dk|2 ± 2
√
(2k +m
2)µ2, where m is
the AFM order parameter as defined in Eq. 3. The cou-
pled gap equations are:
6
J
=
∑
l=±1
k
1
Nk
1 + l µ
2√
(2k+m
2)µ2√
(2k +m
2 + µ2 + |Dk|2 + 2l
√
(2k +m
2)µ2
(7a)
12
D
=
∑
l=±1
k
1
Nk
|∑a fa|2√
(2k +m
2 + µ2 + |Dk|2 + 2l
√
(2k +m
2)µ2
(7b)
where Nk is the number of k points in the summa-
tion. Here, we use l = +/ − 1 to distinguish the va-
lence/conduction bands in the original Dirac dispersion.
In the m = 0 limit, if we only consider the l = −1 part of
Eq. 7b, it reduces to Eq. 6. The appearance of the l = 1
is because here we consider intra-valence band pairing.
At finite chemical potential (which is the regime where
SC emerges), the l = 1 term always has a larger denom-
inator and is therefore less important.
Figure 3 shows the mean field phase diagram. The
blue solid line is for µ = 0 while the red dashed line is
for µ = 0.3. In both cases, the system is (semi-)metallic
in the weak-coupling region. In the strong J limit, it is
5AFM ordered while in the strong D limit, it is super-
conducting, as expected. The opposite trend (indicated
by arrow 1 in Fig. 3) of Dc (which decreases) and Jc
(which increases) with doping implies that the competi-
tion between the two orders favours SC at higher carrier
densities, and can be understood as follows: AFM order
opens a gap at the Dirac point. Upon doping, the en-
ergy gain of AFM state becomes smaller, which means
a larger critical interaction is required. On the other
hand, SC opens a gap at Fermi surface, a larger Fermi
surface at finite doping indicates a smaller Dc. The gaps
opening by AFM and SC order are shown in Fig. 1(c).
This behavior is consistent with the effect of doping seen
experimentally where doping drives tBG from an insulat-
ing to a SC state at low temperature: At half-filling, the
tBG is insulating [1], which our model indicates should
correspond to an AFM insulating ground state. Starting
from the AFM phase at µ = 0 in the diagram of Fig.
3, our results show that its stability is progressively re-
duced by adding more carriers, and ultimately replaced
by a SC ground state beyond a critical doping. Note
that the AFM-SC transition is not simply a consequence
of the doping dependence of Jc and Dc. In addition to
that, Jt is expected to decrease with doping [38] and en-
hance magnetic fluctuations. These, in turn, increase V
according to Eq. 4 further facilitating that phase tran-
sition. The transition from AFM insulating state to SC
state is indicated by arrow 2 in Fig. 3.
kx
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FIG. 4. tBG supports chiral Majorana modes in cylinder
geometry. There is one chiral Majorana mode for each valley,
which is due to the p+ip pairing around each Dirac point. The
inset shows the geometry we use. We take periodic boundary
condition and open boundary condition in y direction.
Chiral Majorana modes. It is known that the topology
of the chiral d+id pairing is non-trivial because its Chern
number is 2. As a result, there should be chiral Majorana
modes localized at the edge in a finite size system. To
show explicitly the existence of chiral Majorana modes,
we studied a finite (one direction) system with a cylinder
geometry as can be seen in the inset of Fig. 4. We take
a periodic boundary condition along the x direction and
an open boundary condition along the y direction. By
diagonalizing the finite size Hamiltonian, we obtain the
spectrum in Fig. 4. For each Dirac cone, there is one
chiral edge mode at each edge. This result is consistent
with the observation that the pairing has a p+ ip feature
around each Dirac cone. Near each edge, there are two
chiral edge states in total, reflecting the C = 2 nature of
the d+id pairing. The existence of these chiral Majorana
modes can be detected in transport experiment [39].
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